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Abstract 
 

The flexible manipulator is a complex electromechanical nonlinear system with a rigid flexible coupling, and its control 
performance is affected by many factors, such as inaccurate modelling and measurement, load variation, and uncertainty 
of external disturbance. In view of improving the effect of time-varying model parameters and external disturbances on 
the performance of the control system, an adaptive dynamic surface control method of the flexible manipulator based on 
K-state observer was proposed in this study. On the basis of the analysed characteristics of the flexible manipulator 
system model, a K-state observer had been constructed when the system state was not completely measurable. Then, an 
adaptive dynamic surface control method was designed by taking the position and speed of the flexible manipulator as 
the control objective. Finally, the effectiveness of the control method was verified by simulation. Results show that, when 
no model parameter uncertainty exists in the system, the dynamic surface control has a higher tracking accuracy than the 
inversion control, the maximum tracking error of angular velocity is reduced by 1.3 times, and the steady-state control 
input is reduced by 550 times. When the system has model parameters but only the joint angle position can be measured, 
the conventional inversion control and dynamic surface control cannot achieve system control. The adaptive dynamic 
surface control can achieve high-precision system tracking at 2.5 s, and the state and parameter estimation of the system 
can achieve online observation at 4 s and 2.5 s, respectively; and the adaptive dynamic surface control in the steady-state 
control input can reach 1/18. The proposed method can provide a reference for a flexible robot to achieve high-precision 
tracking in a complex assembly environment. 
 
Keywords: Flexible joint robot, Dynamic surface control, K-state observer, Inverse control, Adaptive estimation 
____________________________________________________________________________________________ 

 
1. Introduction 
 
The development of robot systems towards the direction of 
high-speed, heavy-load, high-precision, and lightweight 
apparatuses will inevitably increase the elastic deformation 
of components, which conflicts with the stability and 
accuracy of robotic motion-a concern that highlights the 
impact of elastic deformation of various components on the 
performance of robots. In addition, the manipulator of large-
scale machinery, such as aviation equipment, vehicle robots, 
and buildings, must be connected by some small cross parts 
relative to the lengths of these parts to ensure flexibility, but 
such a configuration leads to mechanical vibrations that may 
hinder the easy control at the end position. The traditional 
study methods of rigid robots are obviously unsuitable for 
the study of this kind of robot [1]. Consequently, a new kind 
of flexible robot has become a hot spot of robot research. 

Flexible robots offer high-speed, low-energy 
consumption, and low-impact advantages, especially in the 
aerospace and manufacturing fields that use light and long-
span space manipulators [2], deployable antennas [3] and 
solar arrays [4], high-speed and high-precision assembly 
robots [5], or high-speed laser cutting robots [6], etc. 
However, the flexible robot is a highly complex dynamic 

system with highly nonlinear, multi-time-varying, and strong 
coupling characteristics. Numerous uncertain factors, such 
as accuracy of modeling and measurement, uncertainty of 
parameters, incompletely measurable state, external 
disturbance, and friction between joints, also need to be 
considered. These uncertain factors are the key elements in 
realizing the stability control of flexible robots, especially 
for robot systems under working conditions requiring high-
speed, high-precision, high-performance, and complex 
configuration. Thus, the high-performance control problem 
particularly needs to be studied along with the parameter 
uncertainty and incompletely measurable system state. 

Flexible robots are developing towards apparatuses with 
multiple degrees of freedom (DOF), polarization, and direct 
drive mechanisms. Asymmetric multi-DOF flexible hand 
grasping based on a flexible mechanism can realize the 
mechanized and stable picking of fruits and vegetables with 
different shapes and structures [7]. A high-precision micro-
detection robot can precisely observe an oil-immersed 
transformer moving along a specific depth direction [8]. A 
heavy-duty friction stir welding robot can realize dexterous 
welding under heavy-duty conditions in a large working 
space and realize high-strength and high-precision welding 
operation for large-scale complex curved parts [9]. Through 
a closed-loop control, a flexible robot can complete its bolt 
tightening task during the high-precision assembly of an 
engine [10]. However, the actual working environment of 
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robots is complex and changeable, and the parameters of 
robot models are uncertain when the environment changes. 
Consequently, measuring completely a system state is rarely 
realized. Thus, the corresponding control methods must be 
studied to be able to achieve high-precision control. 

An equivalent system state model can be established by 
model state transformation according to the structural 
characteristics of the flexible robot. Here, a K-state observer 
is constructed, and a robust control method is designed on 
the basis of adaptive theory and dynamic surface control 
theory. The purpose of this method is to solve the control 
problem of the system under incomplete measurability and 
time-varying parameter conditions and subsequently provide 
a scheme for the high-precision tracking of the flexible robot. 

 
 

2. State of the art 
 
The development of applications for flexible robots has 
helped to flourish the study of the tracking control of these 
robot types. Most industrial objects can be operated using 
the proportional, integral, and differential (PID) control, 
whose structure is simple and easy to realize and thus is also 
the most commonly used control in industrial robots. To 
achieve the high-speed response and high-precision control 
of a flexible robot, Fu et al. [11] proposed a simple PID 
position tracking control method. The accuracy of the 
method was high when the system model could be 
determined and the load was constant, but the position and 
speed information of the robot joint and motor could not 
control parts of the state information location, such as motor 
position and speed information. By combining fuzzy control 
with PID control, Sarkhel et al. [12] designed a fuzzy gain 
PD control method to improve to a certain extent the 
dynamic performance of a system. However, the structure of 
the designed controller was complex, and its fuzzy rules 
were difficult to determine. To improve adaptability under 
different loads, Santanu et al. [13] proposed a new nonlinear 
self-tuning PID control method to attenuate unmodeled high-
order dynamics by using a new non-linear autoregressive 
moving average with an external input model. The NSPIDC 
method helped to ensure stability with the change in 
payload. The parameters of the flexible manipulator were 
identified online by a recursive least-square algorithm using 
the minimum variance control (MVC) updating control 
parameters in real time. The MVC method needed to acquire 
information about the system state before it could be 
completely measurable. Malzahn et al. [14] analyzed the role 
of vibration damping on the joint position, velocity, and 
motor current regulation in the feedback control of a flexible 
robot and determined that control accuracy was highly 
dependent on the parameters of the system. Endo et al. [15] 
studied the stability of two single-link flexible arms for 
grasping and controlling the direction of objects. The 
flexible arm was modeled from the Euler Bernoulli model. 
The robustness of the closed-loop system to the disturbances 
distributed on the arm and boundary was discussed using the 
frequency domain method. Their proposed method also 
needed all of the information of the system, from state to 
control. To realize the contact force control of a flexible 
robot, Endo et al. [16] also proposed a simple boundary 
controller and used the frequency domain method to 
determine the exponential stability of a closed-loop system. 
Their method was not robust and unable to meet the 
requirements of a complex environment. Luc et al. [17] 
designed a robust adaptive control method based on the 

cascaded structure, and they used the full-state feedback 
controller and integral term as the internal control loop and 
then calculated torque as the external control loop. The robot 
had no chattering under zero-motor speed owing to the 
adaptive friction compensation, and the adaptive technology 
ensured the trajectory tracking of the robot. However, the 
premise of their work was that the robot model structure was 
completely known and linear with unknown parameters, and 
the information about joint speed was available. The 
proposed method was often used in combination with the 
sliding mode control, disturbance observer, and intelligent 
control. Palleschi et al. [18] applied optimal theory to the 
path planning of a flexible robot and transformed its optimal 
control problem into a convex optimization problem, which 
effectively realized the optimal control of the robot. This 
method was sensitive to model parameters but needed to be 
improved in complex environments. Aiming at the joint 
tracking control of a cable-driven flexible robot with a 
permanent magnet variable stiffness device, Zhang et al. 
[19] designed a decoupling control method of stiffness and 
position for the trajectory control. This method attained high 
tracking performance for the deterministic model, but the 
performance decreased when the system included uncertain 
parameters. Aiming at solving the dynamic rigid equation 
problem of a flexible joint robot and by combining the idea 
of the quantized state system and trapezoidal integral 
methods in implicit algorithm, Li et al. [20] put forward a 
step correction optimization algorithm based on a quantized 
state system, which effectively improved the accuracy and 
efficiency of dynamic solution, but its robustness was poor. 
Zhu et al. [21] considered the characteristics of the motor, 
and the singular perturbation theory was decomposed into 
fast and slow variable subsystems. For a fast-varying 
subsystem, speed difference feedback control was adopted. 
For a slow-varying subsystem, a full-order sliding mode 
control based on the radial basis function (RBF) neural 
network was proposed. The RBF neural network was 
employed to approach the unknown nonlinear term of the 
system. The full-order sliding mode offered the advantages 
of simple structure and strong robustness, and it could also 
overcome the chattering problem. However, not all of the 
state information could be determined in the system design. 
In view of adapting the changes in blade curvature in the 
grinding process, active and passive grinding force controls 
needed to be realized. Wang et al. [22] proposed a novel 
non-singular fast-terminal sliding surface and multi-power 
reaching rate and designed a control law with disturbance 
compensation based on the new sliding mode surface and 
multi-power approach rate. The method could realize fast 
dynamic response and anti-interference, but it could not 
eliminate the chattering caused by the sliding mode control. 
Xue et al. [23] combined the fuzzy control with the back-
stepping control and proposed a fuzzy back-stepping 
adaptive position control method for flexible robots. The 
rule of fuzzy control has no uniform form thus far, and it 
entails difficulties in application. To solve the trajectory 
tracking control problem of flexible joint robots under the 
condition of limited joint driving torque output, Liu et al. 
[24] proposed a back-stepping control method based on 
singular perturbation theory. The back-stepping control 
needed differential derivation in each step, which could 
cause knowledge explosion and other problems. Ouyang et 
al. [25] combined back-stepping and reinforcement learning 
of a robot with hand-grasping control, but this method could 
not eliminate knowledge explosion and other problems 
caused by the back-stepping control. For an exoskeleton 
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flexible robot with parameter uncertainty and external 
disturbance, Brahmi et al. [26] designed a tracking control 
method for the robot with time-delay estimation and back-
stepping control method, and the method needed to know the 
velocity of the robot joint and the position and speed of the 
motor. Ultimately, the back-stepping control would lead to 
differential explosion, and the control input entailed large 
chattering, suggesting difficulties in meeting the 
requirements of high-precision tracking. 

Most of the aforementioned studies have focused on the 
influence of a system model’s parameter uncertainty; by 
contrast, few studies have aimed to determine the condition 
in which system states are not completely measurable. In the 
current study, based on the characteristics of the flexible 
robot model, the dynamic model of the system was 
reconstructed, the state of the system was observed by the K-
state observer. The robust control method with high 
performance was designed to provide the basis for the 
application of a flexible robot in a complex and changeable 
environment. 

The remainder of this study is organized as follows. 
Section 3 builds the dynamic model and the equivalent 
transformation model of the flexible robot, and the robust 
adaptive dynamic surface control method based on the K-
observer is designed to analyze the stability of the system. 
Section 4 verifies the effectiveness of the proposed control 
method based on the comparison with the traditional control 
method. Section 5 summarizes the conclusions. 

 
 

3 Methodology 
 
3.1 System description 
A typical flexible joint robot is shown in Figs. 1 and 2. This 
kind of robot simplifies the connection between the drive 
motor and the joint into a spring, and the rotation angle of 
the motor has a certain deviation from that of the joint. The 
complex dynamic system model can be represented as 
follows: 
 

                        (1) 

 
where , , and  are angular displacement, angular 
velocity, and angular acceleration of the robot ( ) and 
motor rotation ( ), respectively.  and  are the 
nominal inertia of the robot and motor, respectively.  is 
the elastic stiffness of the flexible robot.  and  are the 
mass and length of the robot joint, respectively.  is 
gravitational acceleration, and  is the control moment. 

 is the total disturbance of the robot system that is 
composed of external disturbance, friction torque, and 
unmodeled dynamics. 

 
Fig. 1. Structure of the flexible multi-joint robot 

 

 
Fig. 2. Spatial model of the flexible multi-joint robot 
 

The new state variable is defined as , , 
, and . Then, Eq. (1) can be expressed as: 

 

                   (2) 

 
The control objective represents the flexible joint robot 

system with uncertain matching in Eq. (2). In this scheme, 
only the joint angle position can be measured in the system 
state, whereas the other three state variables are not 
measurable. The joint position and speed precise tracking of 
the robot can be realized by designing the control torque . 

 
3.2 Design of flexible joint robot K-observer 
To exclude  in , the system 

should be controlled only with measurable signals . 

Moreover, Eq. (2) needs to be transformed, and  is 
expressed as . As the system can only measure the 
joint angle  of the robot in Eq.(2), the output is set as 

. 
According to Eq. (2), the following equation can be 

obtained: 
 

                       (3) 
 

Meanwhile, according to Eq. (3), the following equations 
can be obtained: 
 

                        (4) 
 

                  (5) 
 

               (6) 
 

The dynamic model of the non-interference controlled 
motor can be expressed as  
 

                          (7) 
 

Eqs. (6) and (7) can be expressed as  
 

                        (8) 

 
Then, the following equation can be obtained: 
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              (9) 

 
where , , 

, and . The four 
parameters are time-varying and bounded, in which 

 and . 

Let ,  and . 
Then, the following equations can be obtained: 
 

                          (10) 

 
Eq. (10) has the same input and output as the undisturbed 

Eq. (2), in which  represents the position angle of 
the robot joint,  represents the angular velocity of 
the robot joint, and  and  have no clear physical 
meaning and are dimensionless. 

The state equation of Eq. (10) can be expressed as： 
 

                           (11) 

 
where, 
 

, , , , 

, , and . 

 
The K-observer is designed, and the vector is selected 

and transformed into Hurwitz equations. 
 

               (12) 

 
 

where , , , , and  are observer state vectors, in 

which  and . 
The observer estimation error is defined as . 

Then, the following equation can be obtained: 
 

 

 
As  is a Hurwitz’s formulation,  converges 

exponentially to zero, i.e., the state observation of the 
flexible joint robot is realized. 
 
3.3 Design of the flexible joint robot-adaptive dynamic 
surface controller 
On the basis of the unknown state of Eq. (10) that is 
reconstructed by the K-observer and in consideration of the 
existence of the external disturbance , Eq. (13) is 
used as the design of the position tracking controller to 
realize the position tracking of the flexible joint robot, i.e., to 
achieve through the objectives  and  the 
control target and avoid the differential explosion 
phenomenon in the design. 

 

                         (13) 

 
The first error surface is defined as: 

 

                              (14) 

 
Then,  

 

  (15) 

 
The vector is defined as： 

 

              (16) 

 
where  is the design parameter, and 

 such that 

. 
The designed virtual control is given by 
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where  is an estimate of , and it 

satisfies 
 

                               (18) 
 
where  is a set of the symmetric matrix, and 

 corresponds to the design parameters. 
A low-pass filter with a filter time constant  is 

designed such that the system can obtain a new state variable 
. 

 
                      (19) 

 
The second error surface is defined as 

 
                              (20) 

 
Then,  

 
                        (21) 

 
The designed virtual control is given by 

 
                            (22) 

 
where  corresponds to the design parameters. 

A low-pass filter with a filter time constant  is 
designed to obtain a new state variable . 
 

                     (23) 
 

The third error surface is defined as 
 

                                (24) 
 

Then,  
 

                             (25) 
 

The designed virtual control is given by 
 

                             (26) 
 
where  corresponds to the design parameters. 

A low-pass filter with filter time constant  is designed 
to obtain a new state variable . 

 
                         (27) 

 
The fourth error surface is defined as 

 
                               (28) 

 
Then,  

 
                              (29) 

 
The designed actual control is given by 

 
                             (30) 

 
where  is the design parameter. 

As depicted by the process shown above, the design only 
uses the state, and the adaptive law only realizes the 
estimation of all unknown parameters in the first step of the 
design. This approach simplifies the design process and 
reduces the amount of calculation. 

The virtual control error is defined as 
 

                             (31) 
 
The parameter estimation error is defined as 

 

                                (32) 
 

The Lyapunov function is given by 
 

,                                 (33) 
 
where , , and 

.  represents a symmetric positive 
definite matrix. 

Theorem. For the non-linear system with uncertain 
parameters and external disturbances after the 
transformation, Eq. (13) adopts the observer shown in Eq. 
(12), the adaptive rate shown in Eq. (16), and the control rate 
shown in Eq. (30). The controller structure is shown in Fig. 
3. If the controlled system in Eq. (13) satisfies a specific set 
of requirements (i.e., (1) only the joint position of the 
flexible robot  can be measured, and other states are 
not measurable; (2) the upper and lower bounds of the 
uncertain parameters  are known; (3) the 
expected trajectory  is bounded and has its first and 
second derivatives, and the positive number  satisfies 

; and (4) the initial condition of the 
Lyapunov function is , where  is any constant), 
then the adjusting parameters are given by , 

, , and . Thus, the tracking error can 
converge to any small residual set. 

It has been proven that the derivation of , , and  
can be obtained as follows: 
 

           (34) 

 
                              (35) 

 
                              (36) 

 
After using Eqs. (34)–(36), Young’s inequality is also 

adopted for the simplification. Eq. (37) can be obtained as  
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                (37) 

 
where , , , , 

, , , 

, and . In these formulas, 
 is the designed parameter, ,  is the 

maximum value of , and  is the maximum 
eigenvalue of the matrix . 

If , then 
 

                              (38) 
 

Considering that , the integral of two sides can 
be obtained as  

 
               (39) 

 
Therefore, all signals of the closed-loop controlled 

system are semi-globally and uniformly bounded in Eq. (13). 
Moreover, Eq. (13) satisfies . By adjusting the 

design parameters , the tracking error of the system can 
converge to any small value. 

 

Fig. 3. Structure diagram of the adaptive dynamic surface controller 
based on the K observer 
 
 
4 Result analysis and discussion 
 
On the basis of the dynamic model of the flexible joint robot 
in Eq. (2), the nominal parameters of the unknown physical 
quantities are taken as , , 

, and . The initial state is 

. The performance of the 
designed observer in Eq. (12) and the controller in Eq. (30) 
are verified by simulation. 
 
4.1 Observer performance  
The system input is . The observation of the system 
state and the observation error are shown in Figs. 4 and 5, 
respectively.  

 

 
Fig. 4. K-state observation curve of the flexible robot 

 
Fig. 5. K-observer error curve of the flexible robot 
 

Figs. 4 and 5 show that when only the joint angle 
position of the flexible robot is known in the system, its state 
tracking can be realized using the K-state observer at 4 s. 
The tracking error of the state  and  are large and 
within a one-unit dimension.  

 
4.2 Controller performance  
The desired trajectory is set as , and the 
controller parameters are set as 

, 
, 

, and . Fig. 6 
shows the curves of the joint angle tracking, error response, 
and control input of the inverse control flexible robot 
without a model uncertainty. Meanwhile, Fig. 7 shows the 
curves of the joint angle tracking, error response, and control 
input of the dynamic surface control flexible robot without a 
model uncertainty. 
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(a) Joint angle position tracking curve and error curve of the flexible 
robot 
 

 
(b) Input curve of the flexible robot control 
Fig. 6. Tracking and control input curves of the flexible robot inverse 
control without any uncertainty 
 

As shown in Fig. 6, when no uncertain parameters exist 
in the system, the backstepping control can realize the 
angular position and angular velocity tracking of the robot 
joint at 0.12 s. The angular position error gradually 
decreases from 0.5 rad to zero and the angular velocity error 
is large, reaching 7 rad/s. The input of the backstepping 
control has a large chattering due to the expansion of the 
system differential term in the derivative process of the 
virtual control, indicating a highly complex controller. 

As shown in Fig. 7, when no uncertain parameters exist 
in the system, the dynamic surface control has a better 
tracking performance than the backstepping control. The 
angle position error of the dynamic surface control decreases 
rapidly from 0.5 rad to zero and the maximum error of 
angular velocity are within 3 rad/s, which is 1.3 times higher 
than that of the inversion control. The dynamic surface 
method has a large control input fluctuation in the actual 
stage; once stable, the control input torque is within 180 nm, 
which considerably reduces the fluctuation.  

 

 
(a) Joint angular position and angular velocity tracking curve of the 
flexible robot 
 

 
(b) Control input curve of the flexible robot  
 

 
(c) Steady state amplification curve of the flexible robot control input 
Fig. 7. Tracking and control input curves of the flexible robot dynamic 
surface control without uncertainty 
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The control described above is performed under the 
conditions of system parameter determination and state 
observability. When the uncertain parameters and state are 
not completely measurable, the abovementioned method is 
powerless. The adaptive dynamic surface control based on 
the proposed K-observer is subsequently implemented with 
these two factors considered at the same time. The 
simulation results are shown in Figs. 8 and 9. 

 

 
(a) Joint angle position tracking curve and error curve of the flexible 
robot 
 

 
(b) Control input curve of the flexible robot 
Fig. 8. Tracking and control input curves of the flexible robot with 
uncertainties\ 
 

As shown in Figs. 8 and 9, when parameter uncertainties 
and incompletely measurable state both exist in the system, 
the following conclusions can be drawn: (1) The dynamic 
tracking time of the system increases considerably, while the 
speed of the tracking error approaching zero slows down. 
The control performance of the system is affected by the 
dynamic estimation performance of the uncertain 
parameters, as shown in Fig. 9. The parameter estimation is 
realized at 2.5 s, and the robot joint can track the angular 
position at this time. (2) The control input curve of this 
method has a small fluctuation at the initial stage and a small 
control torque in the steady-state phase. (3) The K-state 

observer can estimate the unknown parameters at 2.5 s, 
indicating high estimation accuracy.  
 

 
(a) Estimation curve of parameters  and  

 
(b) Estimation curve of parameters  and  
Fig. 9. Estimation curve of the flexible robot with uncertain parameters 
 
 
 
5 Conclusion 
 
In view of overcoming the influences of parameter 
perturbation and incompletely measurable state on the joint 
tracking accuracy of a flexible robot system, the system 
performance based on the characteristics of the flexible 
robot was analyzed by reconstructing system state equation 
and by combining state observation theory, adaptive control 
theory, and the dynamic surface design method. The 
following conclusions could be drawn: 

(1) The designed K-state observer can realize the real-
time observation of the unknown state in the system. 

(2) By combining adaptive theory and the dynamic 
surface design method, the uncertain parameters can be 
estimated quickly within 2.5 s, and the differential explosion 
caused by the back-stepping control is effectively avoided. 
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(3) The control output of the proposed method is 
smoother than the back-stepping control and conventional 
dynamic surface control, and its control energy is smaller. 

(4) The proposed method can effectively reduce the 
constraints of the inversion control and conventional 
dynamic surface control on a fully measurable state of the 
system.  

By combining simulation experiment and theory, this 
study has proposed an effective approach of restraining the 
influence of uncertain parameters of the flexible robot 
system model and the fully measurable state limit. The 
control method has a simple structure, is clear and easy to 
understand, and is highly suitable for actual working 
conditions. The proposed method has certain guiding 

significance for the subsequent application of flexible robots 
in the field of high-precision assembly.  
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