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Abstract
By using the generalized Chua’s chaotic oscillator as fundamental unit, a complex network displaying the small-world
property is synchronized. Authors resort to existing information about that long-range connection in a network increases
the data flow from one unit to another to achieve synchronization under a small fixed coupling strength. Computer
simulations are provided to show this chaos synchronization based on complex systems theory.
Keywords: Small-world, synchronization, complex networks, multi-scroll chaotic oscillators.

__________________________________________________________________________________________
1. Introduction
Chaotic oscillators have attracted the interest of the
researchers who have studied them extensively because of
their potential application in different areas of science. It is
of special interest the Chua’s chaotic oscillator which has
been generalized multiple times based on two categories:
those in amending the nonlinear function and those that
increase the system dimension [1]. The chaotic oscillator,
which is used, has a nonlinear function composed by multi
breaking points which allow the system generate multi-scroll
attractors and is reported in [2-4] as the generalized Chua’s
chaotic oscillator.
Since L.M. Pecora and T.L. Carroll synchronized two
chaotic oscillators in 1990 [5], chaos and its synchronization
have received a great deal of attention. In the last 20 years, a
considerable body of knowledge has been established on
these topics, specially on synchronization. Many methods to
synchronize coupled chaotic oscillators in a variety of
topologies and configurations have been suggested [6-28].
When using control schemes, synchronization is regularly
carried out in pairs of oscillators (master - slave) [6-19]; in
the other hand, when coupled oscillators are seen as a
community (network), synchronization is achieved through
different techniques [20-28] that not only take into account
the oscillators but also the topology, which plays a key role
in this process.
Complex networks synchronization is a topic extensively
studied nowadays, the most important results that have been
derived from this research are, first the discovery that the
______________
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behavior of many biological and non-biological systems can
be modeled by the dynamics of complex networks: modeling
of the human brain [29], modeling of society (individuals
and relations existing between them) [30], the spread of
epidemics in a population [31-34], modeling of influence of
relationships in collaborative networks [35], modeling of
economic systems [36]; second the effect of topology on the
realization of system processes: the synchronization of
pyloric central pattern generator of the lobster [20], the
presence of Alzheimer in a human brain [37], stable growth
of a neurons population, the spread of diseases in a
population [38]; from a non-biological point of view: fast
transmission of information between individuals [39, 40],
modeling of trains network [41], the generation of memory
capacity in a system [40], spreading of rumors [42] for
instance.
The above quoted papers are some results of the
investigation of complex networks arranged in a particular
way, small-world topology. The small-world networks have
their beginning in the 1960’s when Stanley Milgram
performed an experiment that led to the well-known concept
of six degrees of separation [52]. Such networks became
very popular after D.J. Watts and S.H. Strogatz published
the algorithm to introduce the small-world property to a
regular network and showed that the resulting network
fulfilled the main characteristics: high clustering coefficient
and short average path length [43]. According to [43] and
[45], Milgram’s experiment consisted of randomly
distributed letters to people in Nebraska to be sent to Boston
by people who might know the consignee. Milgram found
that it had only taken an average of six steps for a letter to
get from Nebraska to Boston. He concluded that six was the
average number of acquaintances separating people in the
entire world. Later we briefly describe the Watts & Strogatz
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algorithm, however, for readers interested in small-world
topic please refer to [44-50] and references therein.
In this paper we focus specifically on the effect of the
small-world topology on the synchronization of a complex
network. It is graphically shown that the introduction of the
small-world property in the topology reduces the
synchronization time. Authors resort to existing information
that suggests that long-range links in a network allow
information to flow faster between individuals (data packets,
epidemics, rumors, etc) [31, 33, 39, 40] and [42].
The paper is organized as follows: in Section II a brief
review on complex dynamical networks and small-world
topology is given. In Section III, the model of the
generalized Chua’s chaotic oscillator, which will be used as
fundamental oscillator of the complex networks, is
presented. In Section IV, synchronization of N-coupled
multi-scroll chaotic oscillators is exposed; the corresponding
simulation results are provided also in this section. Finally,
some conclusions are given in Section V.

2.1. Watts and Strogatz Small-world Model
In 1998 D.J. Watts and S.H. Strogatz proposed an
algorithm to generate “small-world” networks that starts
from a network with regular topology, in this case the
nearest neighbor, which is a ring lattice with periodic
boundary conditions [44]; the Watts-Strogatz model is
created rewiring a small fraction of the links to new
randomly chosen positions; the only restrictions are that no
oscillator can have multiple links with another oscillator and
no oscillator must have links with itself. In Fig. 1 an
example of a small-world network created with this model is
shown. Here, N is the size of the network, k is the periodic
boundary condition of the nearest neighbor topology, node i
is connected with i ± 1, i ± 2,…, i ± k; p is the rewiring
probability and Nkp are the number of long-range link.

2. Complex Networks
A complex network is defined as an interconnected set of
oscillators (two or more), where each oscillator is a
fundamental unit, with its dynamic depending of the nature
of the network. Each oscillator is defined as follows

x! i = f (x i ) + u i ,

x i (0),

i = 1,2,...,N

(1)

where xi = [xi1 xi2 … xin] ∈ ℜn are the state variables of
the oscillator i, xi(0) ∈ ℜn are the initial conditions and
ui ∈ ℜn establishes the synchronization between two or
more oscillators and is defined in [51] as follows:
N

ui = c ∑ aij Γx j ,

i = 1,2,...,N

Fig. 1. Small-world network created rewiring some links to new
randomly chosen positions. The dash-dot line was the link that we
rewired; the solid line is the new position of the link chosen randomly.

(2)

j =1

Two of the most important features of complex networks
are: first, the clustering coefficient C, which is the average
fraction of pairs of neighbors of a oscillator that are also
neighbors of each other, the clustering coefficient Ci of the
oscillator i is defined as the ratio between the number Ei of
edges that exist between ki oscillators and the total number
ki(ki − 1)/2, so

the constant c positive definite represents the coupling
strength and Γ ∈ ℜn×n is a constant matrix linking coupled
state variables. In this matrix, two nodes are linked through
their k-th state variable. Assume that Γ = diag(r1, r2, … , rn)
is a diagonal matrix with rk = 1 for a particular k and rj = 0
for j ≠ k.
The matrix A ∈ ℜN×N with elements aij is the coupling
matrix which shows the connections between oscillators, if
the oscillator i-th is connected to the oscillator j-th, then
aij = 1, otherwise aij = 0 for i ≠ j. The diagonal elements of
A are defined as:

aii = −

N

∑

j =1, j ≠ i

aij = −

N

∑

j =1, j ≠ i

a ji ,

i = 1,2,...,N

Ci =

t →∞

(3)

(4)

In this paper, a network with N identical generalized
Chua’s chaotic oscillator displaying small-world topology is
considered.
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(5)

The clustering coefficient C of the whole network is the
average of Ci over all i; second, the average path length L,
which is defined as the distance between two oscillators
averaged over all pairs of oscillators [53]. Due to the
existence of long-range links, the small-world network has
high clustering coefficient C(p), and a short average path
length L(p).
As seen in Fig. 1, the long-range links allow us now
reach any remote node faster; that is the main idea behind
this research. Based on the above findings [31,33,39,40,42],
we sought to demonstrate that introducing the small-world
property will allow us to synchronize a complex network by
modifying its topology through varying the probability while
using a small coupling strength. Also we show graphically
how the synchronization time decreases as the probability

The dynamical complex network (1) and (2) is said to
achieve synchronization if

x1( t ) = x2 ( t ) = K = xN ( t ),

2Ei
ki ( ki − 1 )
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increases. For further details on small-world networks, go to
[44-53] and references therein.
3. Generalized Chua’s Chaotic Oscillator
In this section the generalized Chua’s chaotic oscillator
will be presented and briefly described.
The generalized Chua’s chaotic oscillator is described by
the following set of equations

⎧ x! =" ⎡⎣ y − h( x )⎤⎦
⎪⎪
⎨ y! = x − y + z
⎪ z! = −" y
⎪⎩

(6)

Fig. 3. Location of the equilibrium points generated by condition
h(x) = 0, EQ = [2.7, 1, 0, −1, −2.7].

and the nonlinearity

h( x ) = m2 q −1 x +

1 2 q −1
∑ ( ml −1 − ml ) ( x + bl − x − bl
2 l =1

)

4. Synchronization of N-coupled Generalized Chua’s
Chaotic Oscillators Arranged in Small-world
Topology

(7)

In this section a small-world network of identical
generalized Chua’s chaotic oscillators will be synchronized.
Authors are about to show that when existing long-range
links in a complex network, synchronization is achievable
easier even with a small coupling strength c. We will
consider two chaotic oscillators as synchronized when the
synchronization equation (9) is satisfied.

The oscillator (6) exhibits a chaotic dynamic for
parameters α = 9 and β = 100/7 [4]. It can be seen that
equation (7) is composed by multiple breaking points where
q denotes a natural number. The generalized Chua’s chaotic
oscillator is described by three scalars and two parameter
vectors {α, β, q, m, b}, where m = [m0 m1 … m2q−1] and
b = [b1 b2 … b2q−1]. Various values for parameters and
parameter vectors which can generate different amount of
scrolls can be found in [4]. Fig. 2 shows an example of a
chaotic attractor that can be obtained with the set of
equations (6).

lim [ x1
t →∞

y2

z2 ] = 0
T

(9)

4.1. Conditions for Synchronization by Using the
Coupling Matrix
Suppose that there are no isolated clusters in the
network, then the coupling matrix A, obtained as explained
in Section II, is a symmetric irreducible matrix, so one
eigenvalue of A is zero and all the other eigenvalues are
strictly negative, this means, λ2,…,N(A) < 0.

The equilibrium points of the system (6) are given by

(8)

Theorem 1 ([53]): Consider the dynamical network (1).
Let

The origin is an equilibrium point of the system (6); the
equilibrium points left are generated by the condition
h(x) = 0 and they are located at the intersection of the
nonlinear function and the x-axis. These equilibrium points
appear in pairs, they are denoted as EQj = [xEQj±, 0, −xEQj±]
and an example is shown in Fig. 3.

0 = λ1 > λ2 ≥ λ3 ≥ L ≥ λN

(10)

be the eigenvalues of its coupling matrix A. Suppose that
there exist an n×n diagonal matrix D > 0 and two constants
d̅ < 0 and τ > 0, such that
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T

As mentioned above, the small-world property is
introduced by using the Watts-Strogatz algorithm. The
network to be synchronized has the following
characteristics: network’s size N = 50 and the periodic
boundary condition k = 5; the rewiring probability p will be
increased from zero until we have introduced the Nkp longrange links needed to achieve synchronization. From
reference [53] we know that locally coupled networks, like
the nearest-neighbor network, are difficult to coordinate,
therefore, any dynamic process such as synchronization, it is
very difficult to obtain, however, we expect to achieve
synchronization by introducing some randomness in the
network’s topology.

Fig. 2. View x−y−z of a 5-scrolls chaotic attractor of the generalized
Chua’s chaotic oscillator.

⎧ h( x ) = 0
⎪
⎨x = −z
⎪y = 0
⎩

y1 z 1 ] − [ x2
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[ Df ( s( t )) + dΓ ]

T

D + D[ Df ( s( t )) + dΓ ] ≤ −τI n

compute λ2 = −0.8484 by using the network parameter given
at the beginning of this section.

(11)

for all d ≤ dΓ here In  ∈    ℜn×n is an unit matrix. If moreover,

cλ2 ≤ d

(12)

then the synchronization state (4) is exponentially stable.
The coupling strength c, that determines the stability of
the synchronization state (Eqn. (12)) and that is present in
the control law (Eqn. (2)), is computed based on the
following lemma:
Lemma 1 ([51]): Consider network (1). Let λ2 be the
largest nonzero eigenvalue of the coupling matrix A of the
network. The synchronization state of network (1) defined by
x1(t)=x2(t)=…=xN(t) is asymptotically stable, if

λ2 ≤ −

T
c

Fig. 5. Variation of λ2 depending on the rewiring probability p of the
complex network.

(13)

Fig. 5 shows the variation of the largest nonzero
eigenvalue as a function of the rewiring probability p; as you
can see, λ2 has the smallest value when p = 0, therefore, the
coupling strength lowest value is determined by

where c > 0 is the coupling strength of the network and
T > 0 is a positive constant such that zero is an
exponentially stable point of the n-dimensional system

c≥

z!1 = f1( z ) − Tz1 ,
z!2 = f 2 ( z ),
" " "

9
≥ 10.6082
0.8484

(15)

It was emphasized the calculation of c to show that it can
be considerably reduced when information in the complex
network flows more efficiently between nodes. Our interest
is to show that synchronization can be achieved by varying
the number of long-range links leaving fixed the value of the
coupling strength in a small arbitrary value. In the remainder
of the section synchronization results are presented.

(14)

z!n = f n ( z ).
Note that system (14) is actually a single oscillator with selffeedback –Tz1. Condition (13) means that the entire network
will synchronize provided that λ2 is negative enough, e.g. it
is sufficient to be less than −T/c, where T is a constant so
that the self-feedback term −Tz1 could stabilize an isolated
oscillator.

4.2 Synchronization Results
The results we are about to present were obtained by
synchronizing a network of N = 50 generalized Chua’s
chaotic oscillators, with a periodic boundary condition of
k = 5 nearest-neighbor and varying the rewiring probability
p from zero. The coupling strength was set at c = 3, which is
the 28 percent of that obtained by the Wang & Chen
theorem.
Due to the size of the network, the figure illustrating the
topology and the coupling matrix are omitted, however, the
latter can be calculated using the theory explained in Section
2.
Each oscillator of the small-world complex network is
defined as follows:

⎧ x!i = α ⎡⎣ yi + h( xi )⎤⎦ + ui1
⎪⎪
i = 1,…,50
⎨ y! i = xi − yi + zi ,
⎪ z! = − β y
i
⎪⎩ i

Fig. 4. A single generalized Chua’s chaotic oscillator with self-feedback
−Tz1 where T = 9 is enough to stabilize all states of the isolated
oscillator.

For the multi-scroll chaotic oscillator (6) the selffeedback term −Tz1 with T = 9 stabilizes all states of the
isolated oscillator, which is shown in Fig. 4. From Eqn. (13),
we can determine that c ≥ −T/λ2 ≥ −9/λ2. Now, we have only
to determine λ2, which will vary as the network varies
through the rewiring probability p. When p = 0 the complex
network has the original nearest-neighbor topology, thus, we

where

h( xi ) = m2 q −1xi +
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(16)

1 2 q −1
∑ ( ml −1 − ml )
2 l =1

( x +b
i

l

− xi − bl

)

(17)
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Fig. 6. View x−y−z of 3 scrolls chaotic attractor of the first generalized
Chua’s chaotic oscillator of the complex network.
Fig. 8. Confirmed synchronization of the first state xi vs. xj i = 1, 18, 32;
j = 6, 38, 42.

Initial conditions were randomly generated for each
oscillator without repeating them.
Fig. 6 shows the multi-scroll chaotic attractor generated
by the final dynamic of the complex network composed by
generalized Chua’s chaotic oscillators.
Fig. 7 shows the three variables of each oscillator
synchronizing; on the left, it can be seen all the variables of
each oscillator starting from different initial conditions, as
time passes the synchronization of the states is observed.

The four errors obtained for different values of p are
centered around zero originally; however, for ease of
viewing we applied an offset. The most important results in
Figs. 9 & 10 are as follows: first, the average error of both
x(t) and y(t) states converged to zero, this means that the
synchronization condition (9) holds for any pair of
oscillators. Second, the synchronization time is greatly
reduced and can be clearly seen by comparing in Fig. 9 and
Fig. 10 the corresponding error for p = 0.18 and p = 0.3.

Fig. 7. Evolution of the three states xi(t), yi(t) and zi(t) for i = 1, ..., 50 by
using c = 3.

To verify synchronization graphically, the phase portrait
between some of the variables is shown and it is emphasized
one of them; in Fig. 8 the phase portraits between xi vs. xj of
nodes i = 1, 18, 32; j = 6, 38, 42 chosen randomly are
shown; synchronization of the first state of some chaotic
oscillators can be confirmed.
As can be seen, the small-world network synchronizes
with a relatively small coupling strength (a third of the value
obtained), however, the effect of interest to the authors is to
know how the Nkp long-range links affect synchronization.
Results are as follows: first, the error between all pairs of
oscillators of the network were obtained, then all errors were
averaged as denotes the following equation

e( t ) =

1
N −1

∑( N − l )

N −1 N

∑ ∑ ( x ( t ) − x ( t ))
i =1 j = i +1

i

j

Fig. 9. Averaged error of x(t) for all pairs of chaotic oscillator in the
small-world network for different values of the rewiring probability p.

It is noteworthy that for values 0 < p < 0.18 the network
fails to synchronize, this is consistent with the above
mentioned that states that locally clustered networks are
difficult to coordinate. Furthermore, when it has reached
p = 0.18 the network synchronizes and for larger values of
p > 0.18 the synchronization time can be reduced without
increasing the coupling strength by only varying the
rewiring probability and therefore, the number of long-range
links Nkp. Fig. 11 shows the synchronization time reduction
for this particular case.
We have shown in Fig. 8 that two randomly chosen
chaotic oscillators are synchronized; this is confirmed by the
averaged error shown in Figs. 9 & 10 corresponding to the
states x(t) and y(t) respectively. We have shown only the
error of two states of all pairs of oscillators to summarize the
information provided, but the z(t) state also synchronizes and
the error has a very similar behavior in time.

(18)

l =1

the result for the x(t) and y(t) states are shown in Fig. 9 and
Fig. 10 respectively.
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5. Conclusion
In this paper the synchronization of a complex network
displaying the small-world topology was achieved. It was
used a coupling signal in only one state of each chaotic
oscillator with a fixed coupling strength c; the
synchronization was achieved by varying the rewiring
probability p as explained in the Watts-Strogatz model. The
convergence to synchrony on some state of randomly chosen
chaotic oscillators can be observed in the phase portraits or
through the averaged error. There were synchronized
complex networks composed by the generalized Chua’s
chaotic oscillator in small-world topology by modifying the
network’s topology. This procedure has proven to be
effective to achieve synchronization, and without hesitation,
it is the main result of this paper.

Fig. 10. Averaged error of y(t) for all pairs of chaotic oscillator in the
small-world network for different values of the rewiring probability p.
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