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Abstract
In this work, the case of coupling between chaotic nonlinear circuits via a memristor, is studied. As a circuit, the most
well-known nonlinear circuit, the circuit of Chua oscillator, is chosen. The two identical circuits are coupled
unidirectionally via the HP’s memristor, by using a recently new proposed window function. The simulation results
show a variety of dynamical phenomena, such as chaotic synchronization and on-off intermittency, depending on
memristor’s initial state and the parameters of the chosen window function.
Keywords: Chaos, Chua’s oscillator circuit, memristor, unidirectional coupling, complete synchronization.
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1. Introduction
The last decades, chaotic systems have received much
attention due to their potential applications in many
scientific fields [1]. These systems revealed that despite of
the knowledge of their evolution rules and initial conditions,
their future seemed to be arbitrary and unpredictable. That
opened quite a revolution in modern physics, terminating
with Laplace’s ideas of casual determinism [2].
Until now, chaos has been observed in weather and
climate [3], population growth in ecology [4], economy
[5], to mention only a few examples. It also has been
observed in the laboratory in a number of systems such as
electrical circuits [6], lasers [7], chemical reactions [8], fluid
dynamics [9], robotics [10, 11], mechanical systems, and
magneto-mechanical devices [12]. So, chaos theory provides
the means to explain various phenomena in nature and
makes use of chaotic dynamical systems in many different
scientific fields. In this direction, nonlinear electronic
circuits have been used extensively for modelling and
simulating the dynamic behavior of interdisciplinary
nonlinear systems.
Recently, Hewlett-Packard researchers have realized a
solid-state thin film two-terminal memristor [13]. After this
realization, a considerable number of publications has
presented noticeable results in models of memristor,
fabricated materials and techniques or important applications
of memristor such as high-speed low-power processors [14],
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adaptive filter [15], associative memory [16-18], neural
networks [19] and programmable analog integrated circuits
[20].
Professor L. O. Chua proposed firstly the definition of
memristor in 1971 [21]. Memristor was introduced as the
fourth basic circuit element besides the three classical
elements, the resistor (R), the inductor (L) and the capacitor
(C). This fourth circuit element is defined in terms of a
relationship between two fundamental circuit variables, the
charge (q) and the flux (φ). A charge-controlled memristor is
described by

vM = M (q)iM

(1)

where (vM) is the voltage across the memristor and (iM) is the
current through the memristor (Fig.1(a)). Here the
memristance (M) is defined by

M (q) =

dϕ ( q )
dq

(2)

The flux-controlled memristor is given by

iM = W (ϕ ) vM

(3)

where W(φ) is the memductance, which is defined by

W (ϕ ) =

dq (ϕ )
dϕ

(4)
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Without an external influence the extension of the spacecharge region does not change.

Moreover, the nonlinear dynamical systems, called
memristive systems, were introduced by generalizing the
original definition of a memristor [22]. A memristive system
is given as:

(
(

)
)

⎧⎪ x! = f x,u,t
⎨
⎩⎪ y = g x,u,t u

(5)

where (u), (y), and (x) denote the input, output and state of
the memristive system, respectively. The function f is a
continuous n-dimensional vector function and g is a
continuous scalar function.
The fingerprint of a memristor is the pinched hystereris
loop as shown in Fig.1(b), which demonstrates the
relationship between the voltage across the memristor (vM)
and the current (iM) flowing into it by applying an external
bipolar period signal, i.e, a sinusoidal signal [23]. The
pinched hystereris loop shrinks when the frequency of the
applied signal is adequately large.
So, in this paper the study of the effect of using an HP
memristor in the coupling of two nonlinear circuits is
presented. As a nonlinear circuit the most well-known
circuit, the circuit of Chua oscillator, is selected. The two
identical circuits are coupled unidirectionally via the
proposed memristor, in which a recently new proposed
window function has been used. The simulation results show
a variety of dynamical phenomena, such as chaotic
synchronization and on-off intermittency, depending on
memristor’s initial state, the chosen window function and the
coupling mode. The phenomenon of full chaotic
synchronization, in which the interaction between two
identical coupled chaotic systems leads to a perfect
coincidence of their chaotic trajectories (x1(t) = x2(t), as
t → ∞), plays an important role, especially in the case of
coupling via a memristor [24-26].
The rest of the paper is organized as follows. The next
Section provides a brief description of the memristor
proposed by HP scientists, which consists the base of this
work. Section 3 presents the unidirectional coupling
schemes, via the proposed memristor, between two identical
coupled circuits of Chua oscillators. The simulation results
of system’s dynamic behavior are studied in details in
Section 4. Finally, Section 5 outlines the conclusions that
have been reached with this research study.

Fig. 1. Memristor and its typical “pinched hysteresis loop” when driven
by a bipolar period signal input.

The internal state (x) is the extent of the space-charge
region, which is restricted in the interval [0, 1] and can be
described by the equation:

x=

(6)

where (w) is the absolute extent of the space-charge region
and (D) is the absolute extent of the titanium dioxide layer.
The memristance can be described by the following
equation:

M ( x) = RON x + ROFF (1 − x )

(7)

where (RON) is the resistance of the maximum conducting
state and (ROFF) represents the opposite case (Fig.2(b)). So,
when x = 0, R = ROFF, and when x = 1, R = RON. The vector
containing the internal states of the memristor is one
dimensional. For this reason scalar notation is used. The
state equation is:

dx
dt

2. Properties and Formulas of HP’s Memristor

=

µν RΟΝ
D

2

i (t )

(8)

where (µv) is the oxygen vacancy mobility and i(t) is the
current through the device. By using the Eq.(6) the previous
equation can be rewritten as:

After 36 years of Chua’s hypothesis about memristor, this
element came into life when researchers of HP lab reported
the first ever solid state version of memristor in their famous
article [13]. This memristor, is made of a titanium dioxide
layer which is located between two platinum electrodes
(Fig.2(a)). This layer is of the dimension of several
nanometers and if an oxygen dis-bonding occurs, its
conductance will rise instantaneously. However, without
doping, the layer behaves as an isolator. The area of oxygen
dis-bonding is referred to as space-charge region and
changes its dimension if an electrical field is applied. This is
done by a drift of the charge carriers. The smaller the
insulating layer, the higher the conductance of the
memristor. Also, the tunnel effect plays a crucial role.

dw
dt

=

µν RON
D

i (t )

(9)

So, the dynamics of the memristor can therefore be modeled
through the time dependence of the width (w) of the doped
region. Integrating Eq.(9) with respect to time, we have

w = w0 +
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w
, 0 ≤ x ≤ 1, x ∈ R
D

µν RON
q(t )
D

(10)
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where (w0) is the initial width of the doped region at t = 0
and (q) is the amount of charges that have passed through
the device. Substituting (6), (10) into equation (7) gives:

M ( q ) = R0 −

µν RON ΔR
D

2

As the parameter (p) increases the function F(x) becomes
linear, while for p = 1 the Eq.(13) reduces to HP model. In
this paper, the window function of Eq.(14) has been adopted
for using in the memristor model.

(11)

q (t )

where

R0 = RΟΝ

w0
D

⎛
⎝

+ ROFF ⎜ 1 −

w0 ⎞

⎟

D⎠

(12)

and ΔR = ROFF − RON. The term (R0) refers to the net
resistance at t = 0 that serves as the device’s memory. This
term is associated with the memristive state, which is
essentially established through a collective contribution, i.e.
it depends directly on the amount of all charges that have
flown through the device. That is why, we can say that the
memristor has the feature to “remember” whether it is “ON”
or “OFF” after its power is turned on and off.

Fig. 3. The window functions of equation (14).

3. The Coupling Scheme
For studying the effect of the HP’s memristor as a coupling
element between coupled chaotic circuits the unidirectional
coupling, has been used. In this coupling scheme one system
drives another one and the coupling system described by the
following set of differential equations [28]:

⎧⎪ x!1 = F (x1 )
⎨
⎪⎩ x!2 = F (x2 ) + C ( x1 − x2 )

In this work, as a nonlinear circuit, the Chua oscillator,
which is structurally the simplest and dynamically the most
complex member of the Chua’s circuit family, is chosen
[29-31]. Until now, a great number of nonlinear phenomena
concerning chaos theory have been discovered by using the
specific circuit. This is the reason for choosing the Chua
oscillator as the nonlinear circuit in this work.
The dynamics of the unidirectionally coupled Chua
oscillators via an HP memristor (Fig.4(a)) is described by
the following set of differential equations:

Fig. 2. (a) Structure of TiO2 memristor, in which TiO2−x and TiO2 layers
are sandwiched between two platinum electrodes, (b) equivalent circuit.

The model of memristor which has been presented by
HP scientists, does not take into consideration the boundary
effects as the speed of the boundary between doped and
undoped regions get suppressed at either edge. For this
reason, Joglekar and Wolf accounted this suppression by
proposing a new window function F(x) and so Eq.(9) is
modified as [27]:

µ R i (t ) ⎛ w ⎞
= η ν ON
F⎜ ⎟
dt
D
⎝D⎠

dw

⎧ dx C ⎡ R
⎤
⎪ 1 = 0 ⎢ ON ( y1 − x1 ) − f ( x1 )⎥
d
τ
C
R
⎦
⎪
1 ⎣
⎪ dy C ⎡ R
⎤
⎪ 1 = 0 ⎢ ON ( x1 − y1 ) + z1 ⎥
d
τ
C
R
⎣
⎦
⎪
2
⎪ dz L ⎡
⎤
⎪ 1 = 0 ⎢− y1 − R0 z1 ⎥
RON ⎦
⎪ dτ L ⎣
⎪
⎪ dx2 C0 ⎡ RON
⎤
=
⎨
⎢⎣ R ( y2 − x2 ) − f ( x2 )⎥⎦
d
τ
C
1
⎪
⎪ dy C ⎡ R
⎤
1
⎪ 2 = 0 ⎢ ON ( x2 − y2 ) + z2 +
( y1 − y2 )⎥
ˆ
R (ω )
⎪ dτ C2 ⎣ R
⎦
⎪
⎪ dz2 = L0 ⎡− y − R0 z ⎤
2⎥
⎢ 2 R
⎪ dτ
L ⎣
⎦
ON
⎪
⎪ dω = ηF (ω ) 1 ( y − y )
1
2
⎪⎩ dτ
Rˆ (ω )

(13)

where η = ±1 which correspond to the polarity of the
memristor. The function F(x) is symmetric to x = 1/2 and
F(0) = F(1) = 0, for restricting ion drifting at the edge. In the
interval, for 0 < x < 1/2 the function F(x) is monotonically
increasing, while for 1/2 < x < 1 is monotonically
decreasing. Also, Joglekar and Wolf defined a parameter (p)
to constitute a family of windows functions of the form
(Fig.3):

Fp ( x ) = 1 − ( 2 x − 1)

2p

(14)
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t > 6.25 s), in which each one of the two coupled circuits
returning again in a chaotic double-scroll state (see Figs.5(c)
& (d) for t > 6.25 s).

R
where Rˆ (ω ) = ω + OFF (1 − ω ) and η = 1.
RON
In system’s equations, the first three equations describe
the first of the two coupled Chua’s oscillator, while the other
three describe the second Chua’s oscillator and the last one
is the state equation of the proposed memristor model.
The dimensionless form of the nonlinear function f(x) of
the Chua’s diode NR (Fig.4(b)) is given by the following
equation:

f ( x) = mc x + 0.5 ( ma − mb ) ( x + 1 − x − 1 ) +

(17)

+0.5( mb − mc ) ( x + E2 / E1 − x − E2 / E1 )

(a)

where, ma = RGa, mb = RGb and mc = RGc, while Ga, Gb, Gc
are the slopes of the five segments and E1,2 are the
breakpoints.
Furthermore, xi, yi, zi, ω, and τ are the normalized
parameters which are given by the following equations:

xi =

υC1i
υ0

,

yi =

υC 2i
,
υ0

zi =

iLi
,
i0

ω=

w
D

,

τ=

t
t0

with

υ0 = 1V, i0 =

υ0
RON

, t0 =

D

2

µυ0

, C0 =

D

2

µυ0 RON

2

, L0 =

D RON
µυ0

(b)

In this work, the following values for the HP memristor
have been selected: RON = 100 Ω, D = 10 nm, µ = 10-14 cm2s1 -1
V . Also, the values of the coupled Chua oscillator circuits’
parameters are chosen so that each coupled circuit
demonstrates double-scroll chaotic attractors (Fig.4(c)),
which is a signal of generating chaotic behavior [31]:
L/L0 = 1/18, C1/C0 = 1/10, C2/C0 = 1, G = 1/R = 555 µS,
R0/RON = 1/140. The parameter (ROFF) plays the role of the
control parameter.
4. Simulation Results
For studying the effect of the HP memristor as a coupling
element in the unidirectional coupling system’s dynamics
behavior, the aforementioned window function of Eq.(14)
has been used with different values of the parameter (p),
while the parameter (ROFF) changes from 1 kΩ to 100 kΩ.
The system of differential equations (16) has been solved
numerically by using the fourth order Runge-Kutta
algorithm, while the initial conditions of the system are:
(x10, y10, z10, x20, y20, z20, ω0) = (0.8, –0.2, 0.4, –0.5, 0.1, 0.2, 0.5).
As it is mentioned, the function of Eq.(14) is used in the
proposed memristor model. Also, the chosen value of the
parameter (p) is equal to one (p = 1), while the resistance
ROFF = 1 kΩ (Fig.5). As it can been shown in Fig.5(a) the
state variable (ω) becomes equal to one for t = 3.305 s. Also,
each one of the coupled circuits begins again from a chaotic
double-scroll behavior, but the first circuit remains always in
this mode, because it is not influenced by the other circuit,
whose behavior is suppressed into single-scroll attractors
around the two different equilibrium points. Finally, after a
transition period, in which the system is in a chaotic
desynchronization mode (Fig.5(e)), the system results in a
chaotic synchronization mode (see Fig.5(b) & (f), for

(c)
Fig. 4. (a)The schematic of unidirectionally coupled Chua oscillators,
via an HP memristor, (b) the five-segment υ-i characteristic of the
nonlinear element NR and (c) the projection on the x-y plane of the
double-scroll chaotic attractor of the Chua oscillator.

For ROFF = 10 kΩ and p = 1, the system presents the
same behavior, but the time in which the state variable (ω)
becomes equal to one has been increased significantly, as it
can be shown in Fig.6(a). However, after a long period of
time, in which the memristor remains in this mode, a sudden
removal to a chaotic oscillation mode occurs. As a result, the
coupled system presents the well-known phenomenon of
intermittency (Fig.6(b)). That is, in this case the system
underwent a transition from desynchronization (Fig.6(c)) to
incomplete synchronization, ending to full synchronization
(Fig.6(d)). The dynamics associated to this transition were
that of on-off intermittency [32-34].
Furthermore, for p = 1 and greater values of ROFF than in
the previous case, the state variable (ω) of the memristor
oscillates chaotically and the system remains always in a
47
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chaotic desynchronization mode, in which each one of the
coupled circuits presents double-scroll chaotic behavior.
Finally, for a standard value of ROFF (1 kΩ), while the
parameter (p) varies, an interesting alternation between two
stable conditions, depending on the value of (p) and the
initial conditions, is observed. The boundary of the two
regions and so the state variable (ω) of the memristor is
moving from one state (ω = 0) to the other (ω = 1) and
finally permanently results to one of these two limits. In
more detail, for p = {2, 8, 10} (Figs.7(a), (e) & (g)) the
variable (ω) tends to the lower limit (ω = 0) and the system
shows a permanent desynchronization state (Figs.7(b), (f),

(h) & Fig.8(b)), in which the second coupled circuit shows a
double-scroll chaotic behavior (Fig.8(a)). In Fig.7(c), for
p = 5, the variable (ω) tends to the upper limit (ω = 1),
which means that the system shows a chaotic
synchronization state interrupted by desynchronization
bursts (Fig.7(d)).
So, for p > 1 the specific window function of Eq.(14)
drives the system into two different permanent states, the
desynchronization or chaotic synchronization state,
depending on the value of (p) and the initial conditions of
the system. Also, the increasing of the value of (p) drives the
system faster to the aforementioned state.

Fig. 5. Time-series of (a) the normalized variable (ω) of the width of the doped region, (b) the difference signal (x1 – x2), (c) the signal (x1),
(d) the signal (x2) and phase portraits of (e) x2 vs. x1 (t < 2.5 s) and (f) x2 vs. x1 (t > 6.25 s), for ROFF = 1 kΩ and p = 1.
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Fig. 6. Time-series of (a) the normalized variable (ω) of the width of the doped region, (b) the difference signal x1 – x2 and phase portraits of
(c) x2 vs. x1 (t < 100 s) and (d) x2 vs. x1 (t > 350 s), for ROFF = 10 kΩ and p = 1.
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Fig. 7. Time-series of the normalized variable (ω) and the difference signal (x1 – x2), for ROFF = 1 kΩ and (a) & (b) p = 2, (c) & (d) p = 5,
(e) & (f) p = 8 and (g) & (h) p = 10.

Fig. 8. Phase portraits of (a) y2 vs. x2 & (b) x2 vs. x1, for t > 20 s and p = 10.

5. Conclusion

boundary effects, the coupling system could be in two
different dynamical states, depending mainly on the values
of the parameter (ROFF). In more detail, for low values of the
resistance (ROFF) the state variable (ω) increased from its
initial value and gradually reached its upper limit (ω → 1),
which means that the space-charge region (w) was expanded
and had the tension to cover the entire titanium dioxide layer
of the memristor. As a consequence the resistance of the
maximum conducting state was R = RON and after a long
transition time the system resulted in full chaotic
synchronization mode. However, before the system resulted
in this state, the second of the coupled circuits had started
from a chaotic double-scroll state and under the influence of

In this work the case of two unidirectionally coupled
identical nonlinear circuits via the proposed HP memristor
was presented. As a nonlinear circuit, the most well-known,
the circuit of Chua’s oscillator, was chosen due to its
properties. For studying the effect of the HP memristor as a
coupling element in the coupling system’s dynamic
behavior, a recently new proposed window function has
been used with different values of memristor’s parameters
(p) and (ROFF).
By using the window function, which was presented by
Joglekar and Wolf, for taking into consideration the
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the memristor, this behavior was suppressed into singlescroll attractor around the two circuits’ equilibrium points.
For greater values of (ROFF) the system presented the
same route from chaotic desynchronization to full chaotic
synchronization. The only difference was the significant
greater time in which the variable (ω) became equal to one.
Furthermore, after a long period of time, in which the
memristor remains in this mode, a sudden removal to a
chaotic oscillation mode occurred. As a result, the coupled

system presented the well-known phenomenon of
intermittency.
Finally, for ROFF = 1 kΩ and when the parameter (p) is
varied, an interesting alternation between two stable
conditions, depending on the value of (p) and the initial
conditions, was observed. The boundary of the two regions
and so the state variable (ω) of the memristor was moving
from one state (ω = 0) to the other (ω = 1) and finally
permanently resulted to one of these two limits.

______________________________
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